We prove stability of the spectral gap for gapped, frustration-free Hamiltonians under general, quasi-local perturbations. We present a necessary and sufficient condition for stability, which we call Local Topological Quantum Order and show that this condition implies an area law for the entanglement entropy of the groundstate subspace. This result extends previous work by Bravyi et al. on the stability of topological quantum order for Hamiltonians composed of commuting projections with a common zero-energy subspace. We conclude with a list of open problems relevant to spectral gaps and topological quantum order.
errors to appear. Moreover, it was recently shown by Hastings [18] , that all two-dimensional Hamiltonians which are a sum of commuting terms, have no topological order at non-zero temperature.
Motivated by this line of research and the larger question of the classification of quantum phases [3, 9, 39, 41] , we present here a generalization of the result by Bravyi et al., which removes the commutativity of the Hamiltonian terms as an assumption for stability. Some of the new candidate Hamiltonians now include, parent Hamiltonians of Matrix Product States (MPS) and Projected Entangled Pair States (PEPS) [13, 36, 40, 41] , as well as all other frustration-free Hamiltonians -that is, Hamiltonians whose groundstates minimize the energy of each local interaction term. Moreover, we generalize the conditions needed for the stability of the spectral gap, in hopes that in the future, one may be able to prove an equivalent result for general, gapped Hamiltonians, whose groundstates satisfy some type of topological order.
The stability of quantum phases was already studied by Borgs et al. [4] and Datta et al. [10, 11] , where "classical" systems were shown to be robust against small quantum perturbations up to some low-temperature, using the methods of contour and cluster expansions. Nevertheless, here, we draw heavily from the methods developed in [6, 8] , following the more succinct format of [6] , which uses Hastings' powerful quasi-adiabatic continuation [21] . We make extensive use of Lieb-Robinson bounds [27] , both for the evolution of operators according to the Hamiltonians under consideration [15, 19, 29-33, 37, 38] , as well as Lieb-Robinson bounds on the quasi-adiabatic evolution, or spectral flow, of gapped eigenspaces [3, 17, 20] .
The paper is organized as follows: In Sec. II, we define the class of Hamiltonians whose stability we proceed to study. In Sec. III, we introduce the conditions sufficient for proving stability, clarifying with examples the extend to which the conditions are also necessary. In Sec. IV, we define the class of perturbations we allow and proceed to transform the perturbed Hamiltonian, through a unitary process and a global energy shift, in a form amenable to studying its low energy sectors. Sec. V contains the proof of the bound on the energy of the perturbation with respect to arbitrary states, relative to the energy of the unperturbed Hamiltonian. The main theorem appears in Sec. VI and in Sec. VII we close with a discussion of future work and a list of open problems. Finally, Appendix A contains the technical details behind the estimate in Lemma 2.
II. THE HAMILTONIAN
We study the stability of the spectral gap for Hamiltonians
1. (Spatially-local) H 0 = u∈Λ Q u , where each interaction Q u is a projection acting non-trivially on b u (1), where b u (r) is the ball of radius r with center at site u ∈ Λ.
2. (Periodic-boundary) The set Λ satisfies periodic boundary conditions.
3. (Frustration-free) For P 0 the projector onto the groundstate subspace of H 0 , we have H 0 P 0 = 0.
(Gapped) H
Recall that L is the linear size of the support of H 0 , so when we write H 0 , we assume a fixed size L. The gap condition implies that as H 0 is defined (translationally invariant, or otherwise) for larger L, the gap γ L remains uniformly bounded from below. The restriction of each interaction on a ball of radius 1 is not crucial, due to coarsegraining, as long as the interactions have constant range of support. Moreover, the assumption that the interactions are projections is not crucial either, as long as Q u P 0 = λ u P 0 , where λ u is the minimum eigenvalue of Q u . This condition is the most general way of defining a frustration-free Hamiltonian. From now on, however, we will assume that λ u = 0, which follows from substituting Q u with Q u − λ u 1 1. Notice that this transformation corresponds to a global energy shift by − u λ u 1 1, which leaves the spectral gap, and all other relevant properties of the Hamiltonian, unchanged.
III. ASSUMPTIONS FOR STABILITY
We begin this section by defining the following projections onto low-energy eigenstates: Definition 1. For B = b u (r), r ≥ 2, we define P B ( ) to be the projection onto the subspace of eigenstates of H B := bv(1)⊂B Q v with energy at most ≥ 0. We set P B := P B (0).
The above definition implies the following relations, which hold for all frustration-free systems: Corollary 1. The following claims follow from the definition of P B ( ):
• P B ( )P B ( ) = P B ( ), for 0 ≤ ≤ and P Λ ( ) = P 0 , for 0 ≤ ≤ γ.
• P B ( ) P C (0) = P C (0), for B ⊂ C and ≥ 0.
• P B ( ) = P B (0) if H B has spectral gap greater than .
Proof. The first claim follows directly from the definition of P B ( ), since 1 − P B ( ) includes only states with energy at least in H B . The second claim follows from the fact that 1 − P B ( ) is orthogonal to P B ( ) for ≤ . Moreover, P Λ ( ) = P Λ ( ) = P 0 , for all ∈ [0, ], since H 0 has spectral gap γ ≥ . The third claim follows from the second claim and P B (0)P C (0) = P C (0), which is true for frustration-free Hamiltonians since H C P C (0) = 0 implies H B P C (0) = 0. In particular, we get: P B ( )P C (0) = (P B ( )P B (0)) P C (0) = P C (0). The fourth claim follows from the definition of P B ( ) and the spectral decomposition of H B .
We are now ready to introduce the main assumption needed for the stability of frustration-free systems. It is a condition on the degree of topological order for local ground states, so we shall call it Local Topological Quantum Order.
A. Topological Order Assumption.
Then, for each fixed 1 ≤ ≤ L − r, we have:
where ∆ 0 ( ) is a decaying function of .
The cut-off parameter for topological order, L * , may be thought of as the code distance of the encoding one may define on the (degenerate) groundstate space of H 0 . Since we are interested in the stability of the spectral gap of H 0 , we expect that L * should scale with L. To see this, note that if the Local-TQO condition fails after some fixed distance, then there must be operators O A , with A of increasing diameter and O A = 1, such that Ψ If we assume that the number of these operators O A , for a given size of their support A, scales with L, then it follows that perturbing H 0 by A O A , would create a macroscopic energy gap within the groundstate subspace, thus destroying any notion of stability and macroscopic order. This is exactly what happens in the case of the two-dimensional Ising Hamiltonian
In particular, the two-fold degenerate groundstate space fails to satisfy Local-TQO at the most basic level, since any local operator σ z p , p ∈ Z 2 can distinguish the groundstates (one has eigenvalue +1 and the other −1.)
One may wonder at this point why it is necessary to demand that low-energy states are locally indistinguishable at all scales, and not just at the global scale of the system. In other words, why do we care if the groundstates of the local Hamiltonians are also topologically ordered? The reason is best exemplified with the following counterexample: Let
2 . This is a gapped Hamiltonian with a unique groundstate |0 · · · 0 , satisfying topological order at the global level. It is easy to see that a perturbation of the form J p∈Λ σ z p , will close the gap between the states |000 · · · 0 and |111 · · · 1 , even for J ∼ 1/|Λ|. Since Local-TQO fails for any region that does not include the origin, this implies that some form of Local-TQO is necessary to protect the spectral gap from collapsing. The above examples validate our intuition that Hamiltonians are unstable because local "order parameters" can act as perturbations to either open the gap between groundstates, or close the gap between global groundstates and excited states which have low energy locally. In that sense, the above condition implies that states that minimize the energy of the Hamiltonian as more and more interactions are added, differ only near the boundary of the region we are considering.
The Local-TQO condition defined above, combines and generalizes assumptions T QO-1, 2 of the stability result for the commuting case [6, 8] . It is worth noting that the above condition is a property of the local, low-energy subspaces. In fact, it is possible in many cases (e.g. Hamiltonians with a unique Matrix Product State as their groundstate, or injective PEPS [36] , [40] , [41] ) to modify a frustration-free Hamiltonian H 0 to a different Hamiltonian H 1 , satisfying 
Corollary 2.
Let O A be any bounded operator supported on the ball A = b u (r), with r ≤ L * and u ∈ Λ. Then, Local-TQO implies the following bounds for 1 ≤ ≤ L − r:
Proof. From Local-TQO and the triangle inequality, we have:
The last inequality follows from a triangle inequality on (4) and the bound:
Recalling that ∆ 0 ( ) is decaying, we have:
The second bound is equivalent to showing that (1 − P A )P A( ) 2 ≤ 3∆ 0 ( ). If we are given two projections P and Q satisfying: P QP − P ≤ δ, then we have
In our case, we have from Local-TQO:
, where we used Corollary 1 to get c L−r (P A ) = Tr(P A P 0 )/ Tr P 0 = 1 and combined it with (5) and a triangle inequality.
Note that in the above Corollary, the projections P A and P A( ) correspond to P A ( ) and P A( ) ( ), respectively. All that is needed for the bounds to hold is that the projections satisfy the Local-TQO condition. Of course, for P A = P A (0) and P A( ) = P A( ) (0), we have from Corollary 1 that P A( ) − P A( ) P A = 0.
The next Corollary makes precise the notion of local indistinguishability between ground states and provides an equivalent condition to Local-TQO.
Then, Local-TQO is equivalent to:
Proof. First, we prove that Local-TQO implies the above condition.
and is supported only on A. From Local-TQO, for any operator O A supported on A:
we get the desired bound. To prove the other direction, we note that it is sufficient to show that for |Ψ 0 (A( )) satisfying P A( ) |Ψ 0 (A( )) = |Ψ 0 (A( )) , we have:
Setting N = Tr P A( ) − 1 and
is an orthogonal decomposition for P A( ) , we have for O A = 1:
Hence, up to constant pre-factors, (6) and Local-TQO are equivalent.
Moreover, Local-TQO implies an area law [16] for the entanglement entropy of the ground states of H 0 .
, with r ≤ L * and u ∈ Λ. Any groundstate |Ψ 0 of H 0 satisfying Local-TQO, also satisfies an area law for the entanglement entropy of ρ A := Tr A c |Ψ 0 Ψ 0 |:
where c d is a constant depending only on the dimension d of the lattice, D is the maximum dimension of the on-site Hilbert spaces (e.g. D = 2 for spin-1/2 particles) and 0 = min{ :
Proof. We begin by writing the Schmidt decomposition of |Ψ 0 over the partition of the lattice A( ) : Λ \ A( ), where will be chosen later:
Note that for frustration-free Hamiltonians, the states {|Ψ k (A( )) } k≥0 in the Schmidt decomposition of |Ψ 0 are groundstates of the Hamiltonian H A( ) . To see this, recall that (9):
Corollary 3 and (10) give:
for ≤ r and c d a constant depending only on d, we have:
where we used the Fannes-Audenaert inequality [2, 12] for the entropy:
with
we get the desired bound, noting that H(∆ 0 ( 0 )) ≤ ln 2.
We note that for stabilizer Hamiltonians, like the toric code, the Local-TQO decay ∆ 0 ( ) vanishes after a constant length 0 ; in other words, ∆ 0 ( ) = 0, ≥ 0 . This implies that for such Hamiltonians, the groundstates satisfy an area law exactly. On the other hand, if the decay ∆ 0 ( ) is exponential in , then there is a logarithmic divergence ( 0 ∼ ln (1 + r)) in the area law, which is natural for gapless systems (the above proof made no use of a spectral gap.)
B. Local Gap Assumption
The second assumption imposes a condition on the spectral gaps of the local Hamiltonians H bu(r) .
Definition 2.
[Local-Gap] We say that H 0 is locally gapped with gap γ(r) > 0, iff for each u ∈ Λ and r ≥ 0, P bu(r) (γ(r)) = P bu(r) . When γ(r) decays at most polynomially in r, we say that H 0 satisfies the Local-Gap condition.
Below, we present an example of a gapped, translationally-invariant, frustration-free Hamiltonian with Local-TQO, that is unstable under vanishingly small perturbations:
There is a unique groundstate |0101 . . . 01 , with energy 0 and spectral gap 2/3 to the first excited state |1010 . . . 10 . Note that since all eigenstates of H 2N can be written as product states over |0 , |1 , any state with consecutive 0's, or 1's has energy at least 1. It should be obvious that this Hamiltonian satisfies frustration-freeness and Local-TQO (trivially, since the groundstate is unique and is a product state), but is unstable under the perturbation
, for k odd. Interestingly, the Hamiltonian H 2N + V is frustration-free, has degenerate ground state space and satisfies the Local-Gap condition, but not the Local-TQO assumption, since there exist local operators, like |0 0| ⊗ |1 1|, that distinguish the two ground states {|010101 . . . 01 , |101010 . . . 10 }. In other words, the two assumptions for stability seem to be independent and dual to each other. Moreover, this example suggests that, in some further refined form, both conditions are necessary for stability.
Such violations to the Local-Gap condition are not obvious for Hamiltonians that are sums of non-vanishing terms. In fact, to the authors' knowledge, it remains an open problem whether it is possible to construct examples of gapped, frustration-free Hamiltonians that are sums of local projections and do not satisfy the Local-Gap condition. Moreover, we expect that the Local-Gap condition can be merged with a stronger version of the Local-TQO condition, where the projections P A( ) are substituted with P A( ) ( ), for some < γ. Furthermore, we expect that using the powerful detectability lemma [1] , one may be able to remove the Local-Gap assumption, when the Hamiltonian interactions can be rescaled to projections in a system-size independent way.
IV. TRANSFORMING THE PERTURBED HAMILTONIAN
We begin this section by defining the general class of perturbations we will be studying. The only restriction is a certain notion of quasi-locality that we make precise in the following definition: Definition 3. We define a perturbation V to have strength J and decay f 0 (r), iff we can write V = u∈Λ L r≥0 V u (r), such that V u (r) has support on b u (r) and satisfies V u (r) ≤ Jf 0 (r), for some rapidly decaying function f 0 (r). We write that V is a (J, f 0 )-perturbation.
We have chosen to leave the decay rate of f 0 ill-defined, beyond saying that it is rapidly-decaying, in order to avoid constraining the results that follow unnecessarily. Of course, throughout this paper, we assume that f 0 decays fast enough to allow for the usual Lieb-Robinson bounds [19, 33] on evolutions based on H 0 + V . This implies that fixed range and exponentially-decaying perturbations are well within the purview of this paper.
In order to relate the spectrum of the initial Hamiltonian H 0 to the spectrum of the final Hamiltonian H 0 + V , we define the following one-parameter family of gapped Hamiltonians: Definition 4. Let H s := H 0 + sV , where H 0 satisfies the assumptions of the previous sections and V is a (J, f 0 )-perturbation. We assume that H s has spectral gap γ s ≥ γ > 0 and groundstate projection P 0 (s), for s ∈ [0, s ] and s ∈ [0, 1] the maximum value of s, such that the gap condition is satisfied.
Note that s may depend on γ , J and f 0 , as well as the linear size L, of the system. Moreover, γ is fixed a priori to some value less than γ. Concretely, we may take γ = γ/2, but this is not crucial. The estimates below will depend implicitly on our choice of γ .
The main goal of this section is to transform a (J, f 0 )-perturbation V , into a (J, w)-perturbation W with similar decay, such that: W u (r)P bu(r) = 0 and for some unitary U we have,
Recall that P bu(r) is the ground state projector of the local, frustration-free Hamiltonian H bu(r) .
A. Making the global ground states commute quasi-locally.
In this section, we re-derive a version of Lemma 7 in [6] , which will be sufficient for our purposes. The content of this Lemma can be summarized as the decomposition of any gapped Hamiltonian into a sum of quasi-local interactions that commute with the groundstate subspace. Note that any local, frustration-free Hamiltonian satisfies this condition (with strict locality), but once we add a perturbation, the new terms may no longer commute with the groundstate subspace. Lemma 1. Let H s be the family of gapped Hamiltonians given in Definition 4. Then, there exists a linear operator F γ ,s , with the following properties:
u (r), with X Proof. Define the operator F γ ,s as follows:
where τ B t (A) = e itB Ae −itB and w γ (t) is the filter function studied in [3, 17] , with the following properties:
1. Compact Fourier Transform [22] :ŵ γ (ω) = 0, for |ω| ≥ γ andŵ γ (0) = 1.
Rapid decay
Note that, we immediately get:
since ∞ −∞ dt w γ (t) =ŵ γ (0) = 1. Moreover, the new interactions commute with P 0 (s), since for any ground state |ψ 0 (s) of H s and any eigenstate |ψ n (s) orthogonal to P 0 (s) with eigenvalue E n (s), we have:
where E n (s) − E 0 (s) ≥ γ , by assumption. This implies that:
, as desired. We also have by the triangle inequality:
Finally, the quasi-locality of
, where for r ≥ 1:
and
with the Hamiltonians in the exponent defined as follows, for 0 ≤ q ≤ L:
Note that H u s (L) = H s and that F γ ,s (r ; O u (r)) has support on b u (r + r ) and norm decaying rapidly in r . The decay follows directly from the assumption on the almost-exponential decay of w γ (t) for |t| large enough and, rapidly decaying Lieb-Robinson bounds in r , on the norm of the commutator:
for small enough |t|. In particular, note that for
we have:
Defining
we continue the above estimate as follows:
Note that the norm of the commutator Q v , τ
can be bounded directly using Lieb-Robinson bounds for the evolution τ
, with rapid decay in the distance between the supports of b v (1) ∈ I r+r (u) and b u (r), which is at least r −4. Similarly,
will decay rapidly in the distance between b v (k) ∈ I r+r (u) and b u (r), which is at least r − 2k. Of course, for k ≥ r /2 we may use the simple bound
On the other hand, we also have the trivial bound for all t ∈ R:
Combining the above bounds with the usual technique of bounding the integral:
where f is the supremum of f over the appropriate domain, gives us the fastest decay for the optimal choice of the cut-off time T . In our case, f (t) = δ s,t (r ; O u (r)) and g(t) = w γ (t). Now, for the final statement of the Lemma, we note that Duhamel's differentiation formula implies:
where we performed a change of variables and used the linearity of the commutator to get the last line. Note that in the last line above, we have an evolution τ H s t applied to an integral involving the commutator:
It should be clear at this point that by applying the "telescoping sum" procedure, described earlier in this proof, to the evolution τ H s −t , each commutator in the above sum is itself a sum of terms supported on larger and larger sets, with decreasing norm. To see this, note that we may bound the norm of each such term trivially:
using the appropriate bounds on δ s ,−t (k ; V v (k)), as described above. In all cases, we note that the commutator vanishes for k + k ≤ d(v, u) − 3, where d(v, u) is the distance between the sites u, v ∈ Λ, so we only need to consider k ≥ max{0, d(u, v) − k − 2}. Finally, after localizing the terms inside the evolution τ
, we perform another "telescoping sum" decomposition on this final evolution, arriving at the final decomposition of strength J (because of the norm of the terms V v (k)) and decay given by a function f In this subsection, we focus on unitarily transforming the Hamiltonian H s = H 0 + sV , satisfying the conditions of Definition 4, into a Hamiltonian H s = H 0 + V s + E s 1 1, with the new perturbation V s satisfying certain stronger conditions with respect to the local ground states of H 0 , as discussed at the beginning of this section. Since the whole process is a unitary transformation combined with a global energy shift, the spectral gap of H s is identical to that of H 0 + V s . The transformation is done in four steps:
where the unitary U (s) satisfies U (s)P 0 U (s) † = P 0 (s). At this point, the Hamiltonian H s has been unitarily transformed into
u , where:
and show that each term is a strength J perturbation with decay given by functions f
and f
1 , respectively, using Lemma 1 and properties of the unitary U (s) [3, 17] .
and c(X u ) = Tr(P 0 X u )/ Tr P 0 . We show ∆ u decays rapidly in L * , using Local-TQO and the decomposition of X u from the previous step.
For a (
perturbation, satisfying W u (r)P bu(r) = 0, with the decay w(r) closely related to f 1 (r).
Note that throughout the transformation process, the perturbations X u , W u and ∆ u depend implicitly on the parameter s. Nevertheless, the locality and bounds on the strength of the perturbations are independent of s (some bounds have a linear dependence on s, but since s ∈ [0, 1], this makes the bounds only stronger.) We state the end result of the above process as a Proposition: Proposition 1. Let H s be the family of Hamiltonians considered in Definition 4. Then, there exist unitaries U (s), such that:
Proof. Using Lemma 1, we see that the first step implies
The second and third step imply:
† , the cyclicity of the trace implies:
Finally, setting W = u W u and using the second and fourth steps, we get the desired result.
We focus, now, on proving the last three steps above, since the first step follows immediately from the properties of F γ ,s and the quasi-adiabatic evolution U (s) (see, e.g. [3, Prop. 2.4] .) For the second step above, we make extensive use of results obtained in [3, 17] . We highly recommend reading through [17] to get a clear conceptual understanding of the ideas behind Hastings' quasi-adiabatic evolution U (s) and its many applications to problems in condensed matter physics and quantum information theory. Below, we reference results from [3] , from which one may extract explicit bounds on the decay of X (2) u and X (3) u . The properties of X (1) u follow directly from Lemma 1.
Lemma 2. Let H s be the family of gapped Hamiltonians described in Definition 4 and define
, where α Λ s is defined in [3] as the spectral flow corresponding to H s and O u (r) is an operator supported on b u (r). Then,
with G γ ,s (r ; O u (r)) supported on b u (r + r ) and
for a rapidly decaying function g.
where we have defined Λ n = b u (r + n), n ≥ 0 and used Eq. (4.42-4.46) of [3] to define α
First, notice that since each term Ψ Λ (Z, s) is supported on Z by definition (see [3] ), the terms
To bound the norm of G γ ,s (r ; O u (r)) for r > r 0 , we need to bound α
. As we show in Appendix A, the norm α
for a rapidly decaying function g. A similar estimate shows that:
The third step makes use of the Local-TQO condition, allowing us to extract the groundstate energy of H s as a single quantity E 0 (s), up to a small correction. In other words, the following Lemma asserts the vanishingly small splitting of the groundstate subspace for the gapped Hamiltonians H s .
Proof. By assumption, X u = r≥0 X u (r), with X u (r) supported on b u (r) and X u (r) ≤ J f 1 (r). We introduce an energy shift by redefining the local terms:
From Local-TQO we know that for r ≤ L * ,
On the other hand, for r > L * , we have:
Using (37) and (38), we get the desired bound:
We now move to the last step of our transformation.
Lemma 4. Consider a frustration-free Hamiltonian H 0 and a perturbation X u with strength J and decay f 1 (r),
Then, W u is a strength J perturbation with decay w(r) given below and W u (r)P bu(r) = 0.
Proof. By definition, W u P 0 = 0. Moreover, using [X u , P 0 ] = 0, we have:X u = W u + ∆ u , where ∆ u = P 0Xu P 0 . This implies that:
Let us choose ≤ L * . We apply Corollary 2 to r=0X u (r):
where we used X u (r) ≤ 2 X u (r) . We turn our attention to the final decomposition of W u into interaction terms that are annihilated by local ground states. Define an orthogonal unity decomposition 1 1 = L+1 m=1 E m , as in [6] :
Using 1≤p,r≤L = 2L j≥2 p+r=j and r≤p≤s E p = P bu(r−1) − P bu(s) , we get:
where we defined:
Note that Y u (j)P bj (u) = 0 and Z u (2q − 1)P bu(2q−1) = 0. In other words, Y u (j) and Z u (2q − 1) are supported on b j (u) and b u (2q − 1), respectively, and are annihilated by the local ground states. The same holds for the terms Y u (L) and Z u (L). Finally:
where the last line follows from (43) . To bound the norm of Y u (L), we simply sum over the bounds for the norms of Y u (j):
We define the function w(r) as follows:
For ∆ 0 (r) and f 1 (r) decaying rapidly, we see from (44) (45) (46) (47) (48) and Lemma 3 that w(r) is also rapidly decaying.
V. PROOF OF RELATIVE BOUNDEDNESS
We now generalize the proof of Proposition 1 in [6] . Proposition 2. Let W be a (J, w)-perturbation satisfying: W u (r)P bu(r) = 0. For H 0 a frustration-free, locally-gapped Hamiltonian on Λ ⊂ Z d , with gap decay γ(r), there exists a constant
where C d is the volume of the unit ball in Z d , such that for arbitrary states |ψ :
Proof. First, we partition the lattice Λ into disjoint sets C j (r), 1 ≤ j ≤ N (r), such that any two distinct points u, v ∈ C j (r) satisfy b u (r) ∩ b v (r) = ∅. We treat the case 8r > L separately, using the trivial decomposition
To accomplish the decomposition for 8r ≤ L, we start by dividing Λ into an even number of boxes of size 2r , in each direction, such that 2r ≤ 2r ≤ 3r. In particular, we have L = 2rq+r 0 , 0 ≤ r 0 < 2r, so we may choose 2r = 2rq/(q − b) + r 0 /(q − b), where b ≡ q (mod 2). Since we assumed 8r ≤ L, we know that 2r · 3 + r 0 < L =⇒ q ≥ 4, which implies the bounds on 2r . Note that
and that r need not be an integer.
We build the partition one dimension at a time, as follows: In one dimension, we "color" every other interval of length 2r on the line with the same color. So, in one dimension, we have 2 colors. In 2 dimensions, we fill the plane with an even number of rows of 2r × 2r squares, where every other row looks the same (same "color" pattern) and within each row we have an even number of alternating colored boxes (see Fig. 1 .) We can continue like this for any dimension d of our lattice, requiring 2 d colors in total. Now, because of the way we have constructed our partition, any two points on distinct boxes of the same color will be a distance at least 2r ≥ 2r apart, as desired. By choosing exactly one point u a j from each box B a of the same color, we get a family of disjoint sets C j (r) that cover Λ, each satisfying the desired property of internal sparsity. The total number N (r) of these sets is bounded by the number of colors multiplied by the volume of each box. So, we have:
From this point onward, we set:
Note that [P bj,a(r) , P b j,b (r) ] = 0, since the projectors have disjoint supports for a = b. Define an orthogonal decomposition of unity as follows:
It is easy to check that
. Before continuing, we define a decomposition of the perturbation W as follows:
Since W (r) is locally block-diagonal, we have
Moreover, recalling that w(r) := sup u W u (r) /J, we have:
Settingŵ(r k ) := r k r>r k−1 w(r), we will show that:
where,
and the local block-diagonality ofŴ j (r k ) = aŴ j,a (r k ), we have:
where the equality in the first line follows from the observations:
The bound (61) implies for arbitrary states |ψ :
Recalling that H bj,a(r) = u:bu(1)⊂bj,a(r) Q u , define H j (r) = a H bj,a(r) and note that:
where C d is the volume of the unit ball in Z d and Ind denotes the indicator function. To see this, note that j≥1 Ind b u (1) ⊂ ∪ a≥1 b j,a (r) is bounded above by the number of balls of radius r that contain b u (1), since Ind b u (1) ⊂ ∪ a≥1 b j,a (r) is non-zero only when j is such that b j,a (r) := b u a j (r) includes b u (1) for some unique a, since b j,a (r) ∩ b j,b (r) = ∅, for a = b. Thus, the indicator sum is bounded by the number of places we can put b u (1) inside a ball of radius r, which is the same as the number of balls of radius r containing b u (1). The former is upper-bounded by the number of places we can put b 0 (u) = u inside a ball of radius r, which is exactly equal to C d r d . Using the assumption that H 0 is locally gapped and frustration-free, we have
up to vanishingly small error in the system size, L. To see this, note that for |Ψ 0 (s) = P 0 (s) |Ψ 0 (s) an eigenstate of H 0 + sV with energy E 0 (s), setting
Hence, |E 0 (s)| ≤ ∆ s < γ/13, for large enough L. Moreover, any state |ψ 1 orthogonal to the P 0 (0) subspace has energy at least (1 − cJ)γ − ∆ s , which follows from the linear relative bound on W s and the gap of H 0 :
Now, taking the linear size L large enough (such that ∆ s ≤ γ/13) and recalling that cJ ≤ 1/3, we see that the gap is bounded below by:
for all s ∈ [0, s 0 ]. But, by definition of s 0 , we know that for any 0 < ≤ s 1 − s 0 , we have γ(s 0 + ) < γ/2, a contradiction of the continuity of γ s for finite L. Hence, s 0 = 1 and γ(1) ≥ γ/2, for all J ≤ J 0 and L large enough to satisfy ∆ s ≤ γ/13. Finally, this implies that H 0 + sV has gap γ s ≥ γ/2, for all s ∈ [0, 1] for the parameters of J 0 and L given above and determined implicitly by the decay f 0 (r) of V , the Local-TQO decay ∆ 0 (r), the local gap γ(r) and the linear size L of the system.
VII. DISCUSSION
We have shown that topological phases corresponding to the groundstate sector of gapped, frustration-free Hamiltonians are stable under quasi-local perturbations. In particular, the splitting in the energy of the groundstate subspace is bounded by a rapidly-decaying function of the system size and the gap to the high-energy sectors remains open for perturbation strengths independent of the system size. Our result also implies the stability of symmetry-protected sectors under perturbations that obey the symmetry of that sector. To see this, note that the Local-TQO condition is only required for operators O A obeying the symmetries under consideration. Stability follows using the methods already found here, as is already discussed in [6] .
Moreover, it can be shown [35] that parent Hamiltonians of Matrix Product States (MPS) satisfy the Local-TQO condition with ∆ 0 decaying exponentially in these cases. Combined with the results of Nachtergaele [28] and Spitzer et al. [42] on the spectral gap of one-dimensional, frustration-free Hamiltonians, our result shows that parent Hamiltonians of MPS have stable low-energy spectrum against arbitrary, sufficiently weak, quasi-local perturbations.
At this point, there are several important open questions that one may want to pursue:
z∈Λ r \Λ r −1 x∈Λ0 
where the following functions are defined:
with F (r) = (1 + r) −(d+1) and,ũ µ (x) = u µ (e 2 ) for 0 ≤ r ≤ e 2 , u µ (x) otherwise. ,
u µ (x) = exp −µ x ln 2 x for µ > 0, x > 1.
Moreover,
where G 2 (ζ) is defined for ζ ≥ 0 by 
We note that the decays involved (i.e. the functions K(x) and F Ψ (r)) are most likely not optimal, but we consider it an important exercise to give a rough estimate of the order of magnitude and the dependence to the spectral gap γ , appearing in Definition 4, of the constants involved in the decay of the perturbations we are studying. In any case, the relevant decay for our computation in Lemma 2 is dominated by tail estimates of the function u µ (r ), which defines a sub-exponential decay with µ ∼ γ . Here, we have sketched how one may derive rigorous estimates, using the tightest Lieb-Robinson bounds available at this point in time.
